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Abstract: We discuss some interesting holographical aspects of three dimensional higher- 
spin gravity with a negative cosmological constant in the framework of SL{4, M) x SL{4:, M) 
Chern-Simons theory. Using a recently found technique, we construct explicitly a solution 
r"! , that can be interpreted as spin-4 generalization of the BTZ solution, and demonstrate 

how W4 symmetry and the higher-spin Ward identities arise from the bulk equations of 
motion coupled to spin-3 and spin-4 currents. We match the eigenvalues of a Wilson loop 
along the time-like direction of the BTZ to that of the spin-4 solution, and show that this 
yields remarkably consistent gravitational thermodynamics for the latter. This furnishes 
an important, concrete supporting example for a recent proposal to understand spacetime 
geometries in three-dimensional higher-spin gravity formulated via SL{N,M.) x SL{N,M) 
Chern-Simons theories. 
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1 Introduction 

Theories of higher-spin gravity, as introduced in the seminal papers of Vasiliev and col- 
laborators in [1, 2], have gathered a resurging interest recently due to their promising role 
within the context of the AdS/CFT correspondence. For example, in [3], a certain higher 
spin gravity theory with hs{d — 1,2) algebra^ appeared in the context of a constructive 
derivation of holography for free field theory in d-dimensions. In another well-known ex- 
ample, there is a conjectured duality [4, 5] between Vasiliev's theory of higher spin gravity 
in AdS^ and 0{N) vector models. Most recently, Gaberdiel and Gopakumar proposed in 
[6] that in a certain large- limit, Wat minimal models are dual to a Vasiliev-type higher 
spin theory in AdS^ coupled to two complex scalar fields. 

More precisely, in Gaberdiel-Gopakumar conjecture, the boundary CFT can be repre- 
sented as a diagonal coset of WZW models of the form 

SU{N)k(BSU{N), 

^This is a non-abelian higher-spin algebra that contains o{d — 1, 2) as a subalgebra. We refer the reader 
to Section 5 of [2] for details. 
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with the large- hmit corresponding to taking 



k,N ^ oo, A = — being fixed (1.2) 

k + N ^ ' 

where A serves the role of a 't Hooft parameter. This conjecture is very interesting since 
it is known that the Wat CFT is integrable, and in principle, correlation functions can be 
computed precisely for all and k? It relies on the equivalence between the Wat algebra 
and Vasiliev-type higher-spin algebra, and how the former dictates the representation the- 
ory of the minimal CFT in the limit above, as was recently explained in [7]. A non-trivial 
evidence for this conjecture also appeared recently in [8] where the one-loop determinant 
of the gravitational theory was shown to be precisely the vacuum character of Wat. 

On another note, higher spin-A^ theories in three dimensions are more manageable to 
work with than their higher-dimensional analogues since it is consistent to truncate the 
tower of higher spin fields to those with spin s < N [12]. The massless higher spin gauge 
fields possess no local degrees of freedom and can be regarded as higher spin versions of 
the graviton which is topological in three dimensions. The global degrees of freedom are 
those which are associated with boundary excitations of the fields, with the algebra of the 
asymptotic symmetry group being enlarged from two copies of the Virasoro algebra to two 
copies of the Wn algebra. They are formulated via ^^(A^, M) x SL{N,'K) Chern-Simons 
theories. To make contact with Gaberdiel-Gopakumar conjecture discussed above, we need 
to take the large A^ limit indicated in (1.1), upon which we have /is[A]©/is[A] Chern-Simons 
theory, with Woo [A] as the asymptotic algebra [13]. 

In [14-16], the authors presented geometries that were argued to be generalized BTZ 
solutions that carry spin-three charges. The spacetime metric of these solutions describe 
a traversable wormhole connecting two asymptotic regions, but under a higher spin trans- 
formation found in [15], these solutions then describe black holes with manifestly smooth 
event horizons. The authors then argued that a gauge-invariant characterization of a 
smooth horizon for any solution of the 5L(3,M) x SL{3,M) theory lies in matching the 
eigenvalues of the Wilson holonomy along the time- like direction to that of the BTZ. This 
was shown to yield consistent gravitational thermodynamics for the solutions. 

Apart from being interesting in its own right, this class of results turns out to have some 
interesting implications for the Gaberdiel-Gopakumar conjecture. When these solutions are 
lifted to /is [A] © /is [A] by adding an infinite series of higher-spin charges and appropriately 
replacing ordinary multiplication with the lone-star product, it was demonstrated remark- 
ably in [17] that this /is [A] solution yields a high-temperature partition function that agrees 
with that of the boundary CFT at A = 0, 1, with spin-3 chemical potential inserted. It was 
argued that the partition function in this limit is shared by the coset minimal model in 
Gaberdiel-Gopakumar conjecture since these Chern-Simons solutions describe the topolog- 

^In [9], the three and four point functions in the minimal CFT were computed, and it was argued that 
there are several additional light states difficult to see in the bulk and which do not decouple (see also 
[10] for related issues). Most recently, in [11], it was argued that these light states can be identified with 
bulk solutions that represent higher-spin analogues of conical singularities after an appropriate analytic 
continuation. 
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ical sector of the bulk, and that the results should support the conjecture for other values 
of A too. 

Against this backdrop, the main purpose of this paper is to study the elegant program 
of [14] more concretely in the case of = 4. By our current level of understanding, the 
consistency of such a holonomy prescription cannot be guaranteed by asymptotic symmetry 
arguments alone, and it would be important to investigate some manageable cases. We will 
see that the spin-4 solution furnishes a non-trivial supporting example of various aspects 
of this proposal. Also, our solution can be used as a useful background limit, when the 
higher spin currents are turned on in the hs[X\ case[17]. 

The outline of this paper is as follows: in Section 2, we discuss the basic formulation 
of higher-spin gravity in the framework of Chern-Simons theory, in particular, for the case 
of spin-4. (This was done for the case of spin-3 in [18].) Then, we demonstrate how W4 
symmetry and the higher-spin Ward identities arise from the bulk equations of motion 
coupled to spin-3 and spin-4 currents^, and briefly discuss the non-principal embeddings 
of 5-L(2,M) in 5L(4,M) with their associated Chern-Simons vacua. In Section 3, we write 
down explicitly the solution that can be interpreted as the spin-4 generalization of the BTZ 
via the techniques introduced in [14], and demonstrate how the holonomy prescription 
yields a remarkably consistent gravitational thermodynamics in this case. Finally, we 
end off with a summary of our results and a few suggestions for future work. Appendix 
A collects our conventions for the SL{A, M) generators, while Appendix B contains the 
explicit field equations of motion. 

2 Spin-4 gravity, S'L(4,M) x S'L(4,M) Chern-Simons, and AdS^ vacua 
2.1 The basic formulation 

Let us begin by reviewing the basic formulation of higher-spin gravity in the framework of 
Chern-Simons theory. Recall that the Chern-Simons action reads 



In a remarkable observation by Witten in [20]^, it was noted that the combination (with 
the same Chern-Simons level k) 



where A and A are independent Chern-Simons connections labelled in S'L(2,]R), reduces 
to the Einstein-Hilbert action^ if we identify 



^Recently, in an elegant paper [19], the authors provide a closed formula for the structure constants of 
all classical Wjv algebras. Their approach relies on obtaining the algebras from the Poisson brackets of the 
charges that generate these transformations. For us, following [14, 15], we translate these variations into 
OPEs for the symmetry currents. The two approaches are equivalent. 

''See also [21]. 

^We note in passing that if the Chern-Simons levels are allowed to be different, we then have topologically 
massive gravity [22], of which a higher-spin analogue was considered most recently in [23]. 






(2.2) 
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where the one-forms e'^,oj"' are the vielbeins and spin connection, and Ja are the S'L(2,R) 
generators. This identification is up to boundary terms, and, in particular, is made with 
the normahzation Tr{JaJb) = \ rjab, and the identification k = This can be generahzed 
to an SL{N,M.) x SL{N,M) Chern-Simons action, with the vector potential expressed as 

N-l 



A=^u^ + -jj,+ J2 [u^''^'''-^' + — ^ j Ta,a,...a. (2.4) 

where g'^i^^-.-cii ^;aia2...ai ^YiQ analogous gauge potentials for the higher-spin fields, and 
Taia2...am spin-m generators which are completely symmetric and traceless in their 

indices (i.e. T^^^g,,,^, = 0). Like (2.3), the expression for A is similar but with e — )• — e. 
The higher-spin generators satisfy 

[Ja J Jb] — ^abcJ 1 \_Jb j ^aia2...as_i] fe(ai ^a2---as-i)"i ' (2-5) 

and they clearly transform as SL{2, M) tensors. For a general A^, when the vector potentials 
are valued as in (2.4), we have a consistent description of a 'gravitational' sector. More 
precisely, when the equations of motion are linearized, we obtain the physics of a spin-A^ 
field propagating on an AdS^ background (see, for example. Section 2 of [18] for a brief 
review). In Appendix B, we write down the field equations of motion explicitly. From 
them, it is straightforward to check that apart from the usual diffeomorphism, the spin-2 
(and the higher-spin) fields acquire new gauge transformations proportional to the spin-3 
gauge parameters and spin-4 gauge parameters. 

An useful basis which we will rely on in later sections is one in which does not take 
into account the trace constraints on the generators. One general expression for such a 
basis for higher-spin fields (see, for example, [19]) is 



WL = {-iy-"'h^<~"'(L'+) ■ (2.6) 



[L+,L_] =2Lo, [L±,Lo] = ±L±, 
{il - m) 

(2/)! 

In the above notations, the spin is {I + 1), i = 0,ibl, —l<m<l, and adiif) = [L-,f] 
refers to the adjoint action of L on /. This is easily motivated by letting Wl = L^_^ in the 
fundamental, and then deriving the rest of the generators by the lowering operator In 
[18], the isomorphism in the case of spin-3 between the spin generators Taj^a2...as-i ^^nd the 
generators is computed. Similarly, we derive the isomorphism in the spin-4 case. Up 
to one constant scaling factor, we find that for the ten spin-4 generators, the mapping goes 

= ^(C/3 + f/„3 + 3(C/i + C/_i)), 
■ Ui - U.i) , 

(2.7) 



as 








1) , T221 = \{Ui- U^i) , 


^222 = 


Uq, T220 — 


Tbi2 = 


\iu,- 




-2) , ^211 = 


\{U2 + U^2)-luo,Tooo 


Tom = 




[/- 


-3 + Ui-U 


-1) , Ton = 1{U3 + C/-3 - 



Till = 






-3 + 3([/-i - 


-Ui)) 
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where we have denoted Um = VV^. For the general spin-A^ case, we can derive this isomor- 
phism straightforwardly by starting with the 'highest- weight' generator T22...2- 

The physical interpretation of these Chern-Simons theories begins after we identify 
metric-like fields. They are identified by demanding invariance under local Lorentz invari- 
ance. This condition is only sufficient for the spin-2 (metric) and spin-3 fields. In [19], it 
was explained that for higher-spin fields, the choice of identification is unique for spin-4 
and spin-5 fields if we further demand that in the linearized regime, rewriting them in 
terms of vielbeins reproduces the definition in the free theory. Then, it can be shown (see 
[18, 19]) that this leads to the following definitions of metric-like fields: 

3A^ — 7 2 

5r~tr(e-e), V's ~ tr(e • e • e), -04 ~ tr(e'^) — — (tre^) (2.8) 

where 'tr' in (2.8) is defined^ via equation (3.14) of [19], and A is related to the quadratic 
Casimir by 

- 1 (L+L_ + L_L+) = (2.9) 

In our case, A = 4, but is not necessarily an integer if we consider the larger framework of 
hs[\] algebra. Consider building an infinite tower of higher-spin (/ + 1) fields in the basis 
of generators W^, each appearing once, so I in (2.6) runs from 1 to oo. In general this 
algebra hs[X\ = (BfZiQ^^^ (where A is as defined in (2.9)) is distinct for different values of 
A, and when X = N € Z, all higher-spin generators for spin > N can be truncated and the 
algebra reduces to SL{N,M) algebra. An interesting fact is that the commutator between 
even-/ VF's yields a sum of odd-/ VF's, whereas the commutator between even-/ VF's and 
odd-/ W^s yields a sum of even-/ VF's. A related implication of this is that it is possible for 
the algebra to be truncated of all even-/ generators (which correspond to odd spins). In 
four dimensions, the well-known counterpart is the minimal Vasiliev model. 

2.2 >V4 symmetry and OPEs from field equations 

We first summarize how WAr-algebras emerge from the asymptotic symmetries of AdS^, 
and certain holographic aspects of the boundary CFT with Wn symmetry. Let us begin 
with the Fefferman-Graham expansion in pure three-dimensional gravity that parametrizes 
asymptotically AdS^ solutions with a flat boundary metric (see [27]): 

ds^ = l^!^dp^-^(^C (dx+f + Z{dx-f ) - ( + ^-^^CCer^P ) dx+dx~ | 

(2.10) 

where (p, = t±(l)) describes the solid cylinder, and C = C{x~^), C = C{x~) are arbitrary 
functions of x^^. In terms of the Chern-Simons connections, denoting b = e''^", 

A = b-^a {x+) b + b-^db, A = ba {x') b'^ + bdb'^, 

Li-'^£L^i\ dx^, d= (-L^i + '^CLij dx- (2.11) 



®This is essentially a bilinear invariant form on /is [A]. We refer the reader to Section 3.1 of [19] for 
details. Please note that 'Tr' is used to denote taking the matrix trace in our paper. 

^For example, C — C — —j^ for the static BTZ of mass M, with the global AdSi vacuum corresponding 
to M = —1/8G. li C — C = 0, we recover the Poincare patch of AdS^. 
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It was argued in [18] that in the context of this higher-spin theory, a more appropriate 
definition of an asymptoticahy AdS^ solution is the set of conditions: 



(A-AAdSs) =0{l), Ap = Lo, A^ = (2.12) 

boundary 

where the first equation in (2.12) refers to a finite difference at the boundary (as p — )■ oo). 
Similar expressions hold for the anti-holomorphic sector. It was then explained in [18, 19] 
that (2.12) translates into the Drinfeld-Sokolov condition on A, and if we consider the 
branching of Q according to the sign of the eigenvalues of the adjoint action of Lq, this 
implies, by (2.6) that we can set terms in Wj^^ where m is positive to vanish. These are 
first-class constraints which generate gauge transformations, and we can fix the residual 
gauge freedom by letting only terms in to survive.* A similar procedure works for the 
anti-holomorphic A. Altogether, we end up with the ansatz for the connections: 



+ 5] WLiWL^j dx+, a = - + ^Iwi^ dx- 



(2.13) 



with the W, VV's being general functions of </>, and A, A obtained by gauge transforming via 
b as in (2.11). The global symmetries of the space of solutions described by a are described 
by the gauge transformations 

A(<A) = j;r('A)i^ + Y.^nXmL ■ (2.14) 

i l,m 

Identifying those that leave the structure of (2.13) invariant, we can express each gauge 
parameter Xm'"^ < ^ functions of the fields VV^_;, x\ ^^'^ their derivatives. Finally, we 
can write down the gauge transformations of Wi; with respect to the parameters x\- 
In [18, 19], from this point, the asymptotic symmetry algebra is then obtained from the 
Poisson brackets of the charges that generate these transformations, and we obtain the two 
copies of WAT-algebra. 

Now in [14, 15], a slightly different approach was adopted to elucidate both the emer- 
gence of the WAT-algebras and some holographic aspects at the same time. It was shown, 
explicitly in the case of spin-3, that the bulk field equations evaluated on a more general 
ansatz than (2.13) (which corresponds to generalized boundary conditions) yields the Ward 
identities in the CFT in the presence of spin-3 sources. This means that certain terms in the 
connection can be related precisely to extra source terms in the boundary CFT lagrangian, 
making feasible the existence of an AdS/CFT dictionary for the higher-spin sources. This 
was argued to be important in demonstrating that we have a consistent holographical dic- 
tionary for computing correlation functions of the stress tensor and spin-3 currents. By 
invoking Noether's theorem 



50 = 27rRes2^o 



I 



(2.15) 



*This procedure is the Drinfeld-Sokolov reduction in the highest- weight gauge. See, for example, [24] and 
[26]. 
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upon obtaining the various 5W, one can also read off the OPEs between the Virasoro 

(2) 

primary fields of the Wat algebra conveniently. In [15], this was done for the W3 algebra. 

One of the main purposes of this work is to study explicitly if the procedures developed 
for the spin-3 case in [14, 15] generalize neatly to the spin-4 case as well. In this Section, 
we shall perform an analogous calculation for the spin-4 case below. 

We begin with the ansatz 

a = (Li + aCL^i + I3WW^2 + iKU^s) dx+ + (eL-2 XmWra + EL-3 fmUm + i^L^i) dx- 

a = - (L_i + aCLi + + lUU^) dx~ - (E™=-2 X^W.m + EL-3 fmU^^ + vLi) dx+ , 

(2.16) 

where Ws are the spin-3 generators, ?7's are the spin-4 ones, all fields are functions of x^, 
and {a, /3, 7} are scaling parameters to be specified later. 

In the language of Chern-Simons theory, the bulk field equations are conditions for 
flat connections. From the viewpoint of the boundary CFT with W4 symmetry, the fields 
W and lA are dimension (3, 0) and (4, 0) primary fields, the anti-holomorphic ones being 
(0, 3) and (0, 4) primaries. The ansatz (2.16) generalizes the one in (2.13) and the modified 
boundary conditions can be interpreted as adding to the boundary CFT sources terms 

I^I- Jd^x {x2{x)W{x) + X2{x)W{x) + h{x)U{x) + h{x)U{x)) (2.17) 

It turns out that the functions X2,X2, fs, fs can be identitifed with those in the connections 
(2.16) by imposing the bulk field equations to yield the Ward identities of the CFT in the 
presence of these spin-3 and spin-4 sources. As explained in [14], the higher-spin operators 
are irrelevant in the RG sense and adding them changes the UV structure of the CFT. 
Correspondingly, the bulk geometry will asymptote to a different AdS-^ geometry. We will 
discuss this more explicitly later on in Section 2.3. 

Below, we analyze the holomorphic connection a which is gauge-equivalent to A.^ The 
flat connection condition da + a A a = gives rise to the following system of differential 
equations for sixteen unspecified functions of x^. There are fourteen equations with two 
free parameters X2,f3 that can be chosen freely. For notational simplicity, we denote 
X2 = X) /s = /) arid superscripted primes denote d^+. For the x's: 

xi = -x' 

XO = 2aCx - 6/3/W + ^x" 

X-i = 4/3W/' - \axC' + 2/3 fW - ^aCx' - ]:x"' 
6 3d 

X-2 = o?L\ - ^lUx - \m'W + ^aC'x' 

1 Q 1 1 9 1 

- + ^axC" - (48a/3£W + 5/3W") + |a£x" + ^X^'^ 

(2.18) 

^The corresponding computation for A is similar. 
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while for the /'s, we have 

/i = ^(6a/£ + r) 

f, = -^aCf'-afC'-lf"' 
6 fa 

/_i = ^ U8(3Wx + 22af'C' + 28a£/" + 6/ (l2a2£2 + 12jU + a£") + 



24 
1 
120 



/_2 = -1- ( - 264a2£2y/ _ 216^Uf' - 72-ffK' - 48/3xW - 192/3Wx' 



50a£7" - 28a f'C" - 8aC (27a/£' + 5/"') - 6afC"' - /^^^^ 



/_3 = -L I 288-f f'W + 2iO/3W'x' + 544a^£V" + 360jUf" + 78a f'C" + 48/3xW" 

+ 432/3Wx" + 90aC'f"' + 34a/'/:'" + 2q/: (720/3Wx + 482q/'£' + 25/"") + 6/(120a3/:2 
- ASOP^W^ + 36a2£'2 + aC {2U-fU + 46a£") + l2-fU" + a£(^)) + /^^^^ (2.19) 

Finally, the higher spin-fields and u are subject to the following equations: 

y = l {9jUf - 4/3Wx) (2.20) 
5 

ad^C = u' + ^/3Wx' - ^lUf (2.21) 
5 5 

/3a_ W = -37 [U'x + 2Ux'] + ^ [2C"'x + 9£"x' + l5C'x" + WC x'" ] 

+ ^ [/:£'x + + ^ x^') - (fa(3C'W + |a/3£W' + ^/3W'") / 



fa(3CW + 2/?W") /' - y /3W'/" - ^/3W/'" 



79_ZY = ^ \W'" X + 6 W" x' + 14W x" + 14W x" 
15 

+^ [25/:'Wx + 18/:W X + 52£>V x' 1 
15 

7 



(2.22) 



+ [^"' / + 5U" /' + 9U /" + 6^ /'' 



3/:(^)/ + 20/:(^)/' + 56£'"/" + 84£"/'" + 70C' + 28£ /(^^ 



a 

"^360 L 

-12/32 [yyy^'j + yy2^/j [aC -fU f + aC jU' f + 2 aC -fU f ] 

2 

[l77/:'£"/ + 78££'"/ + 295£'V + 352££"/' + 588££'/" + 196£2/'"] 

180 

+^[3£2£7 + 2£3/']+_L/(7). (2.23) 
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We now come to an important point (the logic here parahels the spin-3 analysis in [14]): 
adding the source terms to the CFT action causes the stress tensor to attain z dependence. 
Upon inserting 

g/d2x(x2(2^)>V(x)+X-2(x)W(x)+/3(x)W(x)+/3(x)W(x)) (^2.24) 

within the expectation value of the stress-energy tensor, and invoking the OPEs between 
the stress-energy tensor and higher spin operators which read 

r(z)w(o) ~ ^w(o) + -aw(o) + t^z)u{^) ~ 4^(o) + -du{^) + 

Z Z'^ z 

(2.25) 

we obtain 

^d,{T{z, z))^j = 2W'x + 3Wx' + 3U' f + AUf (2.26) 

where (. . .) denotes inserting (2.24) within the expectation value. Note that in obtaining 
(2.26), we have expanded in powers of X) / ^iid invoke the useful formula dz{l/z) = 
2tt6^'^\z, z). Now, observe that if we set 

then upon setting 

2-kC = T (2.28) 

we find that (2.26) is nothing but (2.21). Thus, the stress-energy tensor corresponds to 
one single term in the connection. This was observed for the spin-3 case in [14], and it is 
nice to see explicitly that it is true for the spin-4 case as well. To fix a, we note that in the 
absence of all the higher-spin charges and conjugate potentials, if we demand the solution 
to reduce to BTZ in the chart (2.10), then 

27r 

a = -, (2.29) 

which can be checked to yield precisely the Brown-Henneaux central charge c = Qk. The 
normalization of the parameters in (2.27) will enter into the geometries of the solutions in 
Section 3. 

Apart from the stress-energy tensor Ward identity, we can also use the bulk equations 
and (2.15) to read off the higher-spin OPEs or Ward identities. As a concrete example, we 
can easily read off the OPEs between two spin-3 and two spin-4 currents in our normal- 
ization. From (2.22), (2.23) and (2.15) (letting O = W and U), we have (suppressing the 
scaling constants to compare with existing results in literature, see for example [19] ) 

2vr(W(z)W(0)) = ^6 + ^ + ^ + "-2 + ^ (2-30) 
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\\% 2 5 36 45 5 y 



5^3 V 9 Z ) hz^\ 6 

14/:' 28£ 7 

+ 15;^+ 3? + ? P-^') 

The above results provide a foothold for understanding the holographic dictionary in the 
presence of spin-3 and spin-4 sources, and is essentially, the spin-4 generalization of what 
was achieved in [14]. 

2.3 Non-principal embeddings and their Chern-Simons vacua 

Before we proceed to discuss the spacetime interpretation of the ansatz (2.16), let us 
mention that there are other Drinfeld-Sokolov procedures with which one can construct 
W-algebras. What we have done above corresponds to the choice of the "principal embed- 
ding" of S'L(2,M) in S'L(4,]R). Let us first quickly review the meaning of having different 
embeddings of S'L(2,M) in the general S'L(iV, M) theory. 

As explained in for example [24], that one considers S'L(2,R) embeddings is closely 
related to the requirement that one wants the algebra to be an extended conformal algebra, 
i.e. containing the Virasoro as a subalgebra and other generators to be primary fields with 
respect to this Virasoro algebra. To each S'L(2, M) embedding within the simple Lie algebra 
that underlies the affine algebra, one can associate a generalized classical Drinfeld-Sokolov 
reduction of the affine algebra to obtain a W-algebra. 

For SL{N, M), the number of inequivalent SL{2, R) embeddings is equal to the number 
of partitions of A^, and the standard reduction leading to Wat algebras is associated with the 
so-called principal embedding. Also, the inequivalent SL{2,M) embeddings are completely 
characterized by the branching rules of the fundamental representation. In our discussion 
below where we will give explicit examples of the statements above, we will parametrize 
the branching by various SL{2, M)-multiplets, and "spin" in this context refers to the 
dimensionality of the representation. The conformal weight of each field is obtained from 
the 5L(2,M) spin by adding one. 

What is the relevance of these non-principal embeddings in a three-dimensional SL{N, M) x 
SL{N, M) higher-spin theory? A nice discussion was first made in [15], where it was pointed 
out that non-principal embeddings describe AdS^ vacua of possibly different radii, with the 
corresponding W-algebra as the asymptotic symmetry algebra. Specifically in the case of 

(2) 

A^ = 3, the Polyakov-Bershadsky algebra W3 is the only non-principal embedding in 
SL{3,M.). A solution that represents an interpolation between the W3 (in the UV) and 
W3 vacua (in the IR) was constructed, and an elegant linearized analysis of the RG flow 
background was presented in [15]. 

Let us very briefly review the A^ = 3 case as presented in [15]. For the principal 

embedding (W3), we have one spin-1 multiplet generated by {Lq,L±i) and one spin-2 

(2) 

multiplet generated by (Wo,W±i,W±2). For W3 , the branching reads as: (i)one spin-1 
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multiplet [^W2-, ^Lq, —\W-.2) , (ii)one spin-0 multiplet (Wq), (iii)two spm-1/2 multiplets: 

(2) 

{Wi, L-i) , {Li,W-i), where the W3 s generators have been expressed m terms of the 

(2) 

Ws's. An analysis similar to that done for W3 can be done to obtain the classical W3 
algebra. 

In terms of the Chern-Simons connections, we have 



AAdSs = (^^2) '^^^ + (^^0) dp, 



AAdS, = -e" (^W^-2) dx- - Qlo) dp (2.32) 

which translates to the metric (the higher spin field 'i/'abc = 0) 

;2 

ds^ = - {dp"^ - e^Pdx+dx-) (2.33) 

which is AdS'i with radius = |, if we assume the same metric normalization as that for the 
principal embedding. 

The difference in the AdS radius can be traced to the trace relations of the new 
S'L(2,M) generators, in particular that of Lq which is also known as the defining vector 
of the embedding. For wf\ we note that Tr(^(iLo)^) = iTr(L2), giving rise to an 
AdS^ of half the radius of that of the principal embedding. This implies that the overall 
normalization of the Chern-Simons action restricted to the S'L(2,]R) subalgebra must be 
reduced by an overall factor of 1/4. For a fixed Chern-Simons level fc, the central charge 
of the W3^^ would be reduced by a similar factor.^'' 

It is straightforward to make similar statements in the general N case. What one needs 
to do is to find an explicit representation of the generators of various SL{2, ]R)-multiplets, 
in particular that of the three gravitational spin-one generators in terms of the original 
ones associated with the principal embedding. Retaining the original metric normalization 
factor, and denoting the defining vector of the non-principally embedded SL{2,M) algebra 
by Lq, we then have the metric describing an AdS^ of radius RacISs which changes as 



R2 Tr 



P TV (Lg) ' 



(2.34) 



where I is the radius of the AdS^ vacuum of the principal SL{2,W) embedding. 

In [24, 25], the general embedding of S'L(2,IR) in SL(N,M) was discussed very nicely, 
and this gives one the basic tools for analyzing this aspect of these higher-spin gravity 
theories. Following [24], let (77-1,722,...) be a partition of A^, with > 722 > . . . , then 
define a different partition {mi, m2, ■ ■ ■) of n, with rrik equal to the number of i for which 



^'^As emphasized in [15], this can be deduced by replacing the metric in terms of one that gives back 
the original AdSs radius but yielding an effective fc/4, and thus c is reduced by a factor of 1/4. A more 
definitive way to compute this is simply to compute the Poisson brackets of the charges generating the 
asymptotic symmetry transformations. This was done in [19]. 
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Hi > k, and let st = X^i"^*- The embedded <S-L(2,R)'s generators {Lq,L±) can then be 
expressed exphcitly as [24] 

rt; —1 
1>1 k=l 

i>l fc=l ^ ^ 
n;-l 

= E E - ^)^i+^k,i+su-. ' (2-35) 

/>1 k=l 

where Eij denotes the matrix with a one in its entry and zeroes everywhere else. 

Applying (2.35) to the S'L(4,]R) case where there are 15 generators, we can describe the 
branching of each non-principal embedding as a direct sum of (2j + l)-dimensional irre- 
ducible SL(2, M) representations g nj -Ij + 1, where rij is the degeneracy of the spin-j 
representation. The branching of the SL{4,M) fundamental representation l5("i'"2,--- ) goes 
as 

(1) 15^^'^) ~ 4 • 3 -|- 3 • 1. Apart from (Lq, L±), this representation consists of three spin-1 
multiplets and three singlets. We compute Tr(LQ) = l,Rj\^(is.^ = 



15(3ii) 3-|-5-|-2 -3-1- ]^ . Apart from {Lq,L±), this representation consists of two spin-1 



(2) 15' 

multiplets, one spin-2 multiplet and one singlet. We compute Tr(LQ) = 2,Rji(iS3 ~ 

(3) 15(2'^'^) ~ 3 + 4:-2 + 4-l. Apart from {Lo,L±), this representation consists of four 
spin-1/2 multiplets, four singlets. We compute Tr(LQ) = ^jRacISs = \f^- 

We note that in the notations above, the principal embedding is 15^^^ ~ 3 -|- 5 -|- 7, and we 
have set the radius 1 = 1. We will use the above results in understanding a subtle aspect 
of the asymptotic behavior of the black hole solutions in the next Section. 

3 Black holes coupled to Spin-4 current 

One fundamental principle to bear in mind in interpreting an ansatz like (2.16) in a higher- 
spin gravity theory is that the higher-spin gauge transformations redefine notions of invari- 
ance in gravitational physics. Quantities like event horizons and singularities are gauge- 
dependent. This was demonstrated and explained carefully in [14, 15] to be valid for any 
SL{N, M) X SL{N, M) Chern-Simons theory of higher-spin, and the explicit example of the 
spin-3 case analyzed carefully. -"^^ 

Before we review important aspects of this beautiful construction and explicitly carry 
out the spin-4 generalization of the above ideas, we would like to very briefly discuss the 



^^In [17], the corresponding black hole solutions with spin-3 chemical potential in hs[X] © hs[X] were 
found. 
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role played by Wilson loops in pure 3D gravity (with negative A), and make some prelimi- 
nary comments about the significance of a holonomy-based approach towards gravitational 
thermodynamics in 3D higher-spin theories. 

3.1 Some comments on the role of Wilson loops 

Let us recall the story of pure 3D gravity with A < where all bulk solutions are locally 
AdSs- The 3D Hilbert action is well-known to be equivalent to a 5L(2,]R) x SL{2,M.) 
Chern-Simons theory. In the framework of SL{N,M.) x SL{N,M.) Chern-Simons, where the 
S'L(2,]R)'s can always be embedded, one can, of course, also recover pure gravity, after 
setting all higher-spin fields to be zero (see for example. Section 2). 

The SL{2, M)'s are the isometrics of AdS-s, and apart from the vacuum, one can gener- 
ate a rich class of non-trivial spacetimes by orbifolding AdS^ by a pair of suitable generators. 
One particular example is the BTZ solution which derives from the action of two hyperbolic 
generators. Realizing SL{2,M) x SL{2,M) in terms of their left- and right- action on the 
embedding hyperboloid -|- Y'^ — U'^ — V"^ = —1, we can write 

Jl = (Jxu + Jyv) , "^^^ ~2 ^'^^^ ~ 

J2 = "2 {Jxv - Jyu) , J2 = --^ {Jxv + Jyu) 

J3 = --^{JXY - Juv) , ^3 = --^{JUV + Jxy) (3.1) 

where Jab = x^da — Xadb, and Jj, Jj are the generators of the left and right SL{2, M) groups. 
As explained in [28] , the identification group generated by the Killing vector 

= -r+(Ji + Jl) (3.2) 

yields a quotient space which is the static BTZ black hole of radius r_|_. In the usual 
BTZ chart, this identification vector is precisely the vector that generates the rotational 
symmetry 9^ of the black hole. Generally, a Killing vector ^ defines a one-parameter 
subgroup of isometrics of 5*0(2,2) : P — t- e*^P, where t is an integer multiple of 27r. Since 
the transformations are isometrics, the quotient space obtained by identifying points in a 
given orbit inherits from AdS^ a well-defined metric. 

We can choose to represent the quotient space construction via matrices. Let us write 
the defining equation of the AdS^ quadric as the condition on the determinant of a matrix 
X as follows 

This condition is preserved by a transformation 

X ^ giXg-' (3.4) 

where {gi,gr) £ SL{2,M.) x SL{2,M). The trace is invariant under conjugation of which 
classes determine different spacetime solutions. For the BTZ, {gi,gr) are hyperbolic gen- 
erators, and in general, it is natural to ask how these matrices can be mapped via a 
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homomorphism to (3.2) (i.e. in this context, we want to represent e*^ as an action on X). 
Relating this to our conventions for SL{2,M), we find 



L-i = J3 - J2,Li = J3 + J2,Lo = Ji (3.5) 

and similarly for the anti-holomorphic quantities. As an explicit example, consider the 
static BTZ. One can first parametrize the SO{2,2) group element as 

The hyperbolic quotient by e*^''' is realized from (3.2) and (3.5) as taking^^ 

9l=9r =1 Q ^^tr+/2 j ' (3-7) 

from which we see that since t = 27rZ, making a BTZ is equivalent to identifying as a 
periodic coordinate. Rescaling r^r/r^,(/)r^cj) + 2TT and we can interpret the spacetime as 
having a horizon at r_|_ , and with ADM mass ~ . Going once around the non-contractible 
cycle along (j), we have e^'i'^'^ acting on X via {gi,gr) as demonstrated explicitly. 

Let us now view things from the Chern-Simons perspective. In the SL{2, R) x SL{2, M) 
Chern-Simons theory, the solutions are flat connections and thus locally can always be 
expressed as pure gauges, i.e. A = g~^dg. Globally, when the spacetime has non-trivial 
topology, then the gauge function g is not single- valued. When the spacetime has a non- 
contractible cycle C, as we go around the cycle once, g attains a factor of the holonomy 
Pexp (y§^ A) . Up to an overall gauge transformation, the flat connections are thus uniquely 
specified by their holonomies around non-contractible cycles of the manifold. 

Indeed, the holonomies (of {A, A)) are precisely the {gugr) described above. For the 
BTZ, the 0-cycle is non-contractible, and will have a non-trivial holonomy. From (2.11), 
we have checked that the eigenvalues of § a^dcf) = 27ra+ are precisely those of — 27rr_|_Lo, 
and similarly ^d^dcp = — 27ra_ shares identical eigenvalues with — 27rr+Lo. Now, there is 
another time-like Killing vector ~ — ^ Ji — Ji^ . After a Wick rotation, the thermody- 
namics of the black hole can be obtained by demanding that the S'L(2,M) connection be 
single-valued along Euclidean time direction which is periodic. This cycle is contractible 
and vanishes at the horizon. The periodic identification of the thermal time can be rep- 
resented via a pair of {gugr) acting on X. From the metric in (3.6), we compute the 
period to be 2tt. This means gi = e^"^^" ,g~^ = e"^'^^". Like in the case of the (j) direction, 
this is equivalent to the action of e^-^^^ if we take = —t+ (^Lq — Lq^ since r = l/r_|_. 
The eigenvalues are ibvr which we check to be equivalent to that of <f Urdr = 27rra+ and 
^ drdr = 27rra_. 

For our purpose, it is natural to ponder about whether a similar interpretation for 
Wilson loops holds for the gravitational thermodynamics in the context of higher-spin 

""^^We can explicitly realize the SL(2, W) generators as Lo = —0-2/2, L± = [iay ± aj;)/2. 
^^We note that this relationship between identifications and holonomies is emphasized and discussed 
nicely in Section 1.3 of [29]. 
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spacetime geometries? We can begin to answer this question by first embedding pure grav- 
ity, and thus the ordinary BTZ, in the SL{N, M) x SL{N, M) theory. After a straightforward 
computation, we find that the A'^-dimensional fundamental representation of SL{2, M) yields 
the following set of N eigenvalues for the holonomies for any even N > 2: 

{±{N - 1)tt, ±{N - 3)7r, ±{N - 5)tt, ... ± vr) (3.8) 

with a similar result for any odd N but with the last pair of values replaced by 0. In 
higher-spin theories, the connection is now also valued in other higher-spin generators, and 
thus the holonomies no longer correspond neatly to the quotienting action by subgroups of 
isometries. Nonetheless, we can still classify various solutions according to the holonomies' 
eigenvalues, as explained nicely in [11] and [16]. Apart from higher-spin black holes, as 
shown recently in [11], when the (/)-direction is a contractible spatial cycle, demanding the 
holonomies to be trivial elements of the SL(N, M) gives us a discrete set of solutions which 
are higher-spin generalizations of conical defects in the pure gravity case. 

3.2 Solutions in SL{4,R) x SL{4,R) Chern-Simons 

In [14], the bulk field equations for 5'L(3,M) x S'L(3,IR) Chern-Simons were solved to 
yield an ansatz that was interpreted to be a generalized BTZ solution which carries a 
spin-3 charge. These 'black-hole' solutions are defined not by a manifest event horizon 
(which would be inappropriate since the metric changes under a a general spin-3 gauge 
transformation) , but by demanding that the Wilson holonomy along the time- like direction 
of (2.10) has eigenvalues identical to that of the ordinary BTZ black hole. This places 
constraints on the functions C and W which are, in principle, functions of the Euclidean 
time T and the chemical potential g = —tx, where x is t^is spin-3 charge (similar relations 
hold for the anti-holomorphic entities). 

Apart from satisfying gauge invariance, such a prescription was argued to be tenable 
based on the following resulting conditions: (i)the variables C and W in the ansatz (2.16) 
satisfy a nice integrability condition: 

(ii)in the limit when the spin-3 field vanishes, the BTZ is recovered smoothly, and (iii)that 
there exists a gauge in which the solution exhibits a regular event horizon and spin-3 field, 
both of which are smooth in the Euclidean (r, p) plane. Such a black hole is then argued 
to be a saddle point contribution to a partition function of the form 

Z = tl (e4-'^(-^+P>V-r£-p-W)\ (3 ;^Q) 



By performing a Legendre transform, we can compute the entropy from this partition func- 
tion. This generalizes the usual notion of the area law. On general grounds of symmetry, 
it may be natural to expect that if the above procedure works fine for the spin-3 case, it is 
likely to be valid as well for all higher spins, since Wat symmetry arises as the asymptotic 
symmetry of these higher-spin theories as demonstrated in [19]. 
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But we think that the consistency of such an approach cannot be guaranteed by asymp- 
totic symmetry arguments alone, and it would be important to analyze some manageable 
cases in the absence of a general and rigorous proof. 

In this Section, we will study the case of spin-4 carefully, and demonstrate that the 
Wilson-loop-defined black holes can be understood precisely in the same elegant fashion as 
described above. Let us begin by reviewing the general algorithm of constructing higher- 
spin black holes as instructed in [17]: (i)begin by computing the flat connection for the 
ordinary BTZ in the SL{N,M.) x S'L(A^, M) theory (ii)extend this connection by includ- 
ing higher-spin charges together with their conjugate chemical potentials (iii)compute the 
Wilson loop in the time-like direction of the Fefferman-Graham chart and constrain the 
holonomy's eigenvalues to be identical to those of the BTZ. 

Following [17], the eigenvalue constraint equation can be formulated via a system of 
trace equations: 

Tr(a;") = Tr(u;gy^), n = 2,3,... (3.11) 



Note that we computed these eigenvalues earlier in (3.8). In the case of spin-3, (3.11) 
terminates at n = 3, and can be solved via a quartic equation. In the general case, a 
perturbative approach is easier. For example, as briefly mentioned earlier, in a certain 
N ^ oo limit, one can lift the algebra of SL{N,M.) x SL{N,M) to /is [A] hs[X], and an 
illuminating perturbative analysis of (3.11) was performed in [17] for this case. 

For the spin-4 black holes, from the bulk equations, we can straightforwardly compute 
the connection to be 



\ Do 

+ ^CU - 4W^^ e-3p[/_3^ ^ dx- 

(3. 



where the factors of e"^ for n = —3 ... 3 originate from conjugating a p-independent a with 
b = eP^". Please note that we have rescaled the variables aC — t- £,/3W — > W, U in 

this Section to avoid cluttering the notations, but will emphasize at appropriate moments 
later on, when the constants a, /?, 7 are needed to be restored. 



The other anti-holomorphic 5'L(4, M) connection reads 
A = - {ePL_i + Ce"PLi + We-^PW2 + Ue^^PU^) dx~ - L^dp 



- f(e^PU-3 + 3£e^C/_i - eWWo + (3£^ + 3Z^) e-^f/i + ^Ue-PLi - ^yVCe-^PW2 



(3.13) 

From these connections, we can derive the metric as explained in the discussion surrounding 
(2.8) with the normahzation 

g^lu = 7^r772v'^'^ {ef,eu) (3.14) 



Note that the above is consistent with the choice made in the particular S'L(3,M) case 
presented in [14]. We have checked that this normalization condition corresponds to AdS^ 
spacetime with unit radius in the limit of vanishing higher-spin charges. Since the differ- 
ence between the connections is proportional to the vielbein, we can already read off the 
asymptotic behavior from (3.13). 

For completeness sake, let us display the metric explicitly : 

ds^ = dp'^ + \ (2(-3/W + xJ^)dx- + 2(-3/W + x^)dx+f 



12 



24 - - - 

{e'^Px + e-^PW)dx- + ( WCe-^P f + xe'^PiC"^ - m)dx+) 

5 



— \?>fCePdx- + {2xWe-P + 3fe-P{C^ + U)) dx+\^ 
25 



18 



(e^Pf + e-^PU)dx- + (2xLW + + —]CU - ^]W'^)e-^P dx^ 

5 



24 - 54 -- 

Ce~Pdx~ + {eP - a'P—xW + e~P—fl()dx^ 
o o 



(3.15) 



where the notation | . . . | refers to multiplying the enclosed expression with its conjugate, i.e. 
all barred quantities become unbarred and vice- versa, and dx^ -H- dx^. It is straightforward 
to check that when all higher-spin charges and their conjugate potentials vanish, the metric 
(3.15) reduces to that of the BTZ with its Noether charges proportional to C,C. From 
(3.15), we see that as p — )• oo, the terms ~ e^P dominate, and the metric asymptotes to 



18 



ffe^P ] dx+ dx 



(3.16) 



From 



After re-scaling the boundary cylinder, (3.16) is just global AdS^, with radius = 
a holographical perspective, we can say that the addition of spin-4 potentials in the bulk 



Please refer to the Appendix for our choice of basis for the 5*1/(4, R) generators. 
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corresponds to adding to the boundary CFT an irrelevant dimension 4 operator, thereby 
changing its UV behavior. Indeed, from the general algorithm of constructing this class of 
higher-spin black holes, it is clear that the metric asymptotes to an AdS^ with radius = 
jf^, where N is the largest spin added. 

Incidentally, another related point is that for the spin-3 solution in the principal em- 
bedding, since the metric asymptotes to an AdS^ with radius = ^, it was interpreted in 
[15] as being the W3 vacuum. In this case, we observe that clearly, this is not the case 
for the spin-4 solution in the principal embedding, i.e. (3.15). The asymptotic AdS^ vacua 
of solution (3.15) cannot be identified with any of those that belong to non-principal W^s, 
after the metric is normalized to yield an AdS^ of unit radius in the limit of vanishing 
higher-spin charges. We conclude that this is the case in general for higher-spin black holes 
of this type, as can be checked from the expression for the defining vector Lq in (2.35). 
Thus, the identification/interpretation made in this particular aspect for the spin-3 case is 
due to more of a coincidence. 

In [14], the spin-3 'black-hole' solutions are defined by a manifest event horizon by 
demanding that the Wilson holonomy along the time-like Killing direction of (2.10) has 
eigenvalues identical to that of the ordinary BTZ black hole. Such a procedure was shown 
to be equivalent to (3.9) which is a necessary condition for the consistency of the gravi- 
tational thermodynamics of the solutions. As a bonus, it was checked that the resulting 
constraints placed on the variables C and W lead to the solution approaching the BTZ 
(and its thermodynamical behavior) in the limit of vanishing higher spin and potential. A 
caveat is that when the holonomy constraint is imposed, the solution does not exhibit an 
event horizon, but, in the conventional sense, is instead a transversable wormhole connect- 
ing two AdS^ vacua. It was further shown in [15] that there exists a gauge transformation 
that takes the metric to one in which gu has a double zero relative to the radial direction, 
and thus there could be an event horizon. This is reasonable as higher-spin gauge trans- 
formations make the usual notions of Riemannian geometry non gauge- invariant, and one 
is naturally led to proposing gauge-invariant entities like Wilson holonomies to discuss the 
physics of these solutions. 

In such an approach, that the thermodynamical consistency has been invoked to be 
the fundamental definition of a 'black hole' is clearly motivated by holography. At this 
point, it is pertinent to recall that in a certain — )• 00 limit, one can lift the algebra 
of SL{N,R) X SL{N,R) to hs[X] © hs[X\. In this limit, and if we add two additional 
complex scalar fields in the bulk, we arrive at the bulk picture of the Gaberdiel-Gopakumar 
conjecture. 

Next, we will mainly be concerned about checking the validity of the integr ability con- 
dition and the interpretation of the gravitational thermodynamics of the spin-4 solutions. 
We will see that our results demonstrate clearly that the spin-4 generalization of the frame- 
work discussed in [14, 15] is valid, and thus if this program is to work for all N, it has, at 
least, passed an explicit non-trivial check. This is one of the main results of our paper. 
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3.3 Gravitational thermodynamics from the spectrum of the Wilson loops 

Let us begin this subsection by performing an elementary review of some basic thermo- 
dynamical relations like (3.10). Mainly, this spells out various sign conventions, scaling 
factors and, of course, to set up the basic interpretative framework. 
Since we have two higher-spin fields, (3.10) should now be 

Z(r, e, /i, f, e, fi) = tr (^e4.2.(_,£+,w+MW+f£--,-W-AW)^ (3^7) 

where r is the inverse Euclidean temperature of the BTZ in the limit of vanishing higher- 
spin, and g = —tx, A* = — t / are the chemical potentials""^^. For a static BTZ limit, we 
can relate the holomorphic and anti-holomorphic quantities to be 

T = -f, g = g, fi = fl, C = C, W = -W, U = -U (3.18) 

The spin-4 solutions contribute to the above generalized partition function which includes 
chemical potentials g, fi conjugate to the spin-3 and spin-4 currents W,ly( respectively. From 
the CFT perspective, assigning the dependence of £, yV,h( on r, g, /j, (and hence generalizing 
the BTZ) amounts to the following equations for the expectation values: 

i d\nZ „ i dlnZ „ ,. i dlnZ 



This gives us, as necessary conditions, the integrability constraints: 

dC__dW dW__dU_ 
dg dr ' dfi 9r ' c?/.i dg 



(3.20) 



We note that in the spin-3 case, only the first two relations of (3.20) are relevant in ensuring 
the validity of the Wilson loop prescription. In the following, we will see that all the three 
equation of (3.20) are satisfied, and thus this constitutes an important and non-trivial 
evidence for the program to hold for the spin-4 case as well. 

In the absence of a geometric area law for the entropy, one can still define it via a 
Legendre transform of the free energy. Such a definition implies that the first law of ther- 
modynamics will be automatically satisfied, when C is identified as the energy-momentum 
tensor divided by 2-k. The entropy S reads 

S = \nZ- 4^2 + ^ ^ fC - qW - pu) (3.21) 

which can be computed once £, W,Z^ are determined. In the spin-3 case, determining these 
relations from the Wilson loop prescription is still feasible analytically, but it proves to be 
difficult in spin > 3 cases. Inspired by the treatment for the hs[\\ © hs{\\ case [17], we 
shall perform the analysis perturbatively. 

As a warm-up, let us re- visit the spin-3 case [14]. Absorbing various scaling constants 
in W, the Chern-Simons connection is ^ = h~^ab + L^dp, with a being 

a+ = Li- £L_i - WW-2, a- = x{W2 - ICWq + £V_2 + 8WL_i) , (3.22) 



The rest of this Section will demonstrate why such an interpretation is viable. 
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for which, upon taking n = 2, 3, (3.11) reads 
-2 ^ ,..128 



2 - 8/:-96xW + ^x'/:', 
T-^ 3 

= -W + ^iL^ - 16x'/:W + 64x=' (w'' - (3.23) 

We note that when the higher-spin fields are set to zero, the BTZ Euclidean temperature 
r can be computed by demanding that the Euclidean section is smooth and is related to 
LhY C = — 1/4t^. Now, we can expand the variables as 

= E CnXV-'^-^, W = J] ^i„x"r-"-3 (3.24) 

n n 

where n e ZjJ". Substituting (3.24) into (3.23), it can be checked that the fohowing recursion 
relations are solutions: 

_ 16(2n + 1) J _ 4^ 

3(n-l) ^ ''''''' '^-i - 3(„ _ 1) 2^ ^^^i 

From (3.25), we can see that 

ncn = 4(2n + l)(i„_i (3.26) 

Upon restoring the scaling constants C — )• aC = W — )• /3W = f W, then (3.26) 
immediately implies the integrability condition (3.9). We note that in the original work of 
[14], the integrability condition was verified by differentiating (3.23) instead. 

We can seek the analogue of (3.26) in the case of spin-4, and see whether the inte- 
grability conditions (3.20) hold. The gauge connection was previously displayed in (3.13), 
and by setting p = 0, we can obtain a as the simpler yet also valid variable to compute the 
holonomy's eigenvalues. The three holonomy equations are 



Tr(a+ + a_)2 = Tr{a+ + a^f = 0, Tr(a+ + a_)^ = ^ . (3.27) 

4r^ 



Substituting (3.13) into (3.27), and expanding the variables as 

^ = X] ^n+2+2m ' ^ = X] ^n+3+2m ' ^ = X] ^""^ ^n+i+2m ' (3-28) 



n,m 



we can express the holonomy equations (3.27) as polynomial equations in the coefficients. 
For example, the first one (which is the simplest) reads 

= -20Cnm. + U4.dn-l,m - 288bn,m-l - U4bn-2,m + 64 J]] ^^^Cjl + 432 ^ ^ 

i+j=n—2 k+l=m i+j=m—2 k+l=n 

V V c-d _^ V V ccc.-^ V Tab- 



i-\-q=n—lj+r=m—l i+j+k=m—2p+q+r=n i+j=m—2 p+q=n 



(3.29) 
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We verify, up to the 5th order, that the following recursive relations analogous to (3.26) 
solve (3.29) and the other two holonomy equations in (3.27) 

5 5 
-—mcnm = (2n+3m+l)6„,m-i, —ncnm = {2n+3m+l)dn-i,ni, 3n6„m = -2(m+l)d„_i,.m+i 
io 12 

(3.30) 

It is remarkable to note the appearance of the scaling constants /3, 7 defined earlier in (2.27) 
in (3.30). Indeed, the integrability conditions (3.20) are precisely equal to (3.30) only upon 
rescaling 

C^aC = —C, W^/3W = -^W, U^^U. (3.31) 

Now recall that earlier, we mentioned in Section 2 that (3.31) is necessary if we demand 
that the bulk equations (2.20), (2.21) are equivalent to the OPE between the stress-energy 
tensor and the higher spin operators. In this aspect, it is nice to see that the consistency 
condition for holography is precisely the one that surfaces when we equate the holonomy 
condition to the integrability condition. With this compelling evidence, on top of the spin- 
3 case in [14], it is natural to expect this to hold generally for this class of higher-spin 
gravitational theories. 

This strongly suggests that in fact, writing down a valid gravitational thermodynamics 
for these geometries can be understood as demanding a consistent holographic dictionary, 
in particular, that the boundary Wat symmetry's Ward identities emerge from the bulk 
equations. 

Let us close this Section by displaying, to some finite order, all the relevant parameters 
in terms of r and the higher-spin chemical potentials. The partition function and entropy 
can be calculated using (3.29), (3.30), (3.21), (3.19) to be 

5 = 4.=,(J--i4 + ^ + ^ + Hl4Uo(4) (3.32) 

\2aT 5ar5 SOar^ 125ario Sar^ / 



^ ~ \AaT~ 5ar5 lOar^ ar^ ~ SOar" lOOar^ lOOOario J ^ ' 

(3.33) 

We expect (3.32) to furnish the leading order approximation of the partition function of 
any candidate boundary CFT with W4 symmetry. From (3.32), we observe that when the 
higher-spin currents vanish, the BTZ entropy, and thus the familiar area law, is recovered. 
Finally, the curents £, WM read as 

C^U- ,^ + f (^«=4) - /' {^■J'ci) - .V (^«'4) + 0,4) 

(3.34) 



W = -x 



t(^^ ^r-i\ , .2/^336 4 -A , 2(112 3^3\ , 2.A1648 4. 



(3.35) 



f 38528 55 



-r[-^a'Cl]+0{A), (3.36) 
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where Cq = gives us the relation between the r and C in the BTZ when all higher-spin 
fields are zero. We note that the perturbative expansions are governed by C^IA having even 
X-parity, and W having odd x-parity- 

3.4 Smoothness of the higher-spin fields 

With the higher-spin parameters C^W^U computed to be (3. 34), (3. 35) and (3.36) via the 
holonomy prescription, it is straightforward to check that the resulting solution does not 
possess an event horizon. As mentioned earlier, the higher-spin gauge transformations 
imply that notions like horizons are not gauge-invariant quantities, and the definition of a 
higher-spin black hole has been based on the holonomy prescription. As explained in [14] 
and nicely demonstrated in [15], along the gauge orbit of these solutions, one can find an 
unique geometry which exhibits a smooth horizon. 

Although in the general case, even for the simplest spin-3 solution, it is tediously chal- 
lenging ([15]) to write down the precise gauge that unveils the event horizon explicitly, 
an easy linearized analysis can already be useful in helping us understand related aspects. 
Below, we will allude to the linearized spin-4 solution, and furnish some preliminary evi- 
dence that the holonomy prescription yields in some gauge, an Euclidean geometry carrying 
higher-spin fields, all of which are free of conical singularity at the Lorentzian event horizon. 

If we keep only terms that are linear in the chemical potentials and the higher-spin 
currents in (3.12) and (3.13), then explicitly, the holomorphic connection reads 

Aunear = L^dp + (c^'Li + Ce^PL^i + We-2P1^_2 + Ue-'^^PU.s) dx+ + 

+ X {e^''W2 + 2£Wo + dx- , (3.37) 

with a similar-looking expression for A. Keeping to first order, this gives us the BTZ metric 
since the corrections to the metric are second order and above, with the horizon located 



at /3+ = |^Log(y^27r|£|/A:j . Also, imposing smoothness of the Euclidean geometry in the 
(r, p) plane gives us a relation for W,U in terms of x and r which correspond to the first 
terms in (3.35) and (3.36), as expected. 

For the higher-spin fields defined in (2.8) (setting A = 4 since we are working in 
6'L(4,M) Chern-Simons theory), we define smoothness at the horizon by demanding re- 
lations among the field components identical to those determined when we impose the 
regularity of the (t, p) plane of the Euclidean BTZ. Explicitly, we demand 



pp 



pp 



167r£ df,gtt 



p+ 



^ 9pp 



(3.38) 

p+ 



where (p is the spectator direction, and we are expanding around the horizon. At first 
order, from (2.8), "04 vanishes for the pure BTZ and the smoothness condition for -04 is 
satisfied trivially. However, the spin-3 fields are not smooth even at the first order, so a 
natural question is whether, analogous to the spin-3 case [14], one can perform a gauge 
transformation to let it develop a double zero at the Lorentzian horizon. 
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After some experimentation, we simply find that the ansatz that was used for the 
spin-3 case in [14] does the job here as well. The spin-3 fields can be computed to be 



-^^PP = + • • • , ^<i>tt = (P - P+) - + p jip-p+) +■■■ 

(3.39) 

We then gauge transform on the background connection (that gives purely the BTZ) via a 
gauge parameter F{p), i.e. 

5A = dX + [A,X], X = F{p){Wi-W^i) = -X (3.40) 

to obtain 



/27r3|r3| 

= -192\l^^{F{p+){p-p+) + F'{p+){p-p+f) (3.41) 



k 



= 24^/^F'(p+) (3.42) 



Comparing (3.41) and (3.39), a straightforward calculation shows that if we set 



then the term in {p—p^) vanishes, removing the previous singularity. Also, upon demanding 
(3.38), we obtain the first term of (3.35), and thus showing a nice consistency with the 
holonomy condition. 



4 Discussion 



In this paper, we have discussed some interesting holographical aspects of three dimensional 
higher-spin gravity formulated via 5'L(4, M) x SL{A, M) Chern-Simons theory. In particular, 
we demonstrated explicitly how W4 symmetry and the spin-3 and spin-4 Ward identities 
arise from the bulk equations of motion coupled to spin-3 and spin-4 currents. Using the 
recently found technique discussed in [14, 17], we constructed an explicit solution that can 
be interpreted as a spin-4 generalization of the BTZ solution. By identifying the eigenvalues 
of a Wilson loop along the time-like direction of the static BTZ to that of the spin-4 
solution, we showed that this yields a remarkably consistent gravitational thermodynamics 
for the latter. By tracking the scalings of the higher-spin currents, we argued that the 
consistency condition for a holographic interpretation of the solution is intimately related 
to the one that arises in the Wilson holonomy prescription. A linearized perturbative 
analysis to demonstrate smoothness of the higher-spin fields was also performed. We have 
also briefly discussed the AdS^ vacua that are associated with the non-principal embeddings 
of 5L(2,]R) in 5^(4, M) (giving rise to other W4 algebras), and noted that the asymptotics 
of the black hole (in the standard principal embedding) should be interpreted independently 
of these secondary vacua. 
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The platform of our analysis is the elegant program recently presented in [14-17], in 
which the spin-3 case was discussed in great detail, and generalizations to higher-spin cases 
also being inferred qualitatively. By trying to understand the spin-4 story concretely, we 
hope that we have furnished an important and non-trivial supporting example for this 
recent proposal to understand spacetime geometries in higher-spin gravity formulated via 
SL{N, M) X SL(N, M) Chern-Simons theories. Let us end off by mentioning some worthwhile 
future directions. 

In [17], the spin-3 black holes were lifted to solutions in /is [A] /is [A] Chern-Simons 
theory. This was basically achieved by adding an infinite series of higher-spin charges and 
appropriately inserting normalization factors A^(A) such that upon truncation of all spins 
s > 3, we have the SL{3, M) solution with identical generator normalizations. The Wilson 
holonomy prescription implies that we have to first compute the Wilson loop's eigenvalues 
for the BTZ via the infinite collection of traces Tr (w^j^^) Vn > 2, after choosing a trace 
convention for the lone-star product that reduces correctly to the 5L(3,M) conventions. 
The holonomy constraints are then imposed similarly to the ansatz with spin-3 chemical 
potential. It was demonstrated remarkably in [17] that this hs[X] solution yields a high- 
temperature^^ partition function that agrees with that of the boundary CFT at A = 0, 1 
with spin-3 chemical potential inserted. It was argued that the partition function in this 
limit is shared by the coset minimal model in Gaberdiel-Gopakumar conjecture since these 
Chern-Simons solutions describe the topological sector of the bulk, and that the results 
should support the conjecture for other values of A^'' as well. A natural direction, thus, 
would be to turn on other higher-spin potentials and if feasible, this may shed further light 
on the working principles of the duality. For example, for A = 1, this can be described by a 
theory of D free complex bosons with central charge c = 2D, and the spin-4 current reads 
U ~ [dcl)d^(j) ~ 35^ (/)(?^^ -|- d^cl)d(j)) [33], and it would be useful to check if this agrees with 
the gravity result. 

We may also hope to gain a deeper conceptual understanding behind the holonomy 
prescription. Ideally, more than verifying its validity in specific cases, it would be nice to 
have a rigorous and general proof of its equivalence to the integrability conditions that 
ensure a consistent gravitational thermodynamics for these solutions. 

Interestingly^^, in a different scenario, holonomies also seem to play a crucial role 
when one discusses the entropy function in AdS2/CFT\ [34] which computes the entropy 
of extremal black holes with a near horizon geometry of the form AdS2 x K, where X is a 
compact space, and with U{\) gauge fields and charges 5*. The well-known formula of 
Sen, dmicroio) = {ex.p[—iqi <f dTAl.])AiiS2^^ , computes the microstates in the presence of an 
inserted Wilson loop lying along the boundary of AdS2- Although these two settings are 

^^The limit taken in [17] was r, — > 0, g/r'^ fixed. 

^''For A = 1, the Woo [A] algebra simplifies to the linear algebras W™^ after a non- linear change of basis, 
and for A = 0, after projecting out the spin-1 current, one can obtain Wi+00 [30-32]. Each of them can 
then be realized as free bosons and free fermions respectively. 

^*We thank Ori Ganor for bringing this point to our attention. 

^^The expectation value refers to the path integral over various fields on Euclidean global AdS2 associated 
with the attractor geometry for charge q\ See, for example, [34]. 
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rather different, their geometrical aspects invite a comparison. Note that at constant (p, the 
BTZ metric reduces to AdS2, and the Wilson loop which we have used to define the black 
hole also bounds this AdS2 by definition. More remarkably, we note that in both cases, 
the role played by Legendre transformation is critical in defining entropy in the absence of 
a bifurcate horizon. For these reasons, it may be interesting to explore this parallel on a 
deeper level. 
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A S'L(4,]R) generators 

Below, we collect the fifteen 5'L(4,]R) generators which were used to derive the spin-4 black 
hole solution in the principal embedding. 



/-3 0\ 
0-100 
10 
\ 3/ 

/l o\ 
0-100 
0-10 

\0 1/ 

/O 1 o\ 

1 


\0 0/ 

/O 2 0\ 
0-30 
2 
\0 0/ 



/ o\ 
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\ 0-10/ 



/O 1 o\ 
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As mentioned in Section 2, these matrices were constructed by starting with W2 = 
L^, C/3 = and then deriving the rest by the lowering operator L_. The S'L(2,IR) 
generators {Lq,L±) can be reahzed via (2.35). 

B Spin-4 gravitational field equations 

Below, we write down the full non-linear action and the field equations for spin-4 gravity. 
In terms of the vielbein-like and the spin connection-like fields, the action (2.2) in the case 
of = 4 reads, after some algebra, 



If 1 1 

^ / A duja + 2e"^" A dujabc + -^^abce" A A 6^= + -e^bce" A A 

+26"^ A dujab + ^eabce" A e^" A e^^ + 2ea6ce" A tj^" A + ^eabcOj"" A J"" A e\ 
+2e'^''^ A duabc + leafece"^ A e^"^ A e^p + 2e,b,e" A J^^^ A u:'^p + 4e„6,u;" A o;^"^ A e^«/3 



eabc\ 2^^'^°^ A A e^^ + e""'' A A e;,^ + 2a;«° A a;*^ A e^„;3 



+ ^e"" A e^^ A e^^^^^ + 40;^^" A e''^ A w^^^jj (B.l) 

The equations of motion for the gravitational fields are 
de"^ + e'^'^^Wfe A ee + 46^^^^ (eu A + w^^^^ A e^"'^) = , 

duo- + 6«^^ f + + 2^brf A + 2^^^^Af£! + 2^,,^ A a;e"^ + A e,"'^] = 0. 

(B.2) 



from which we note that the higher-spin fields, like torsion fields, destroy the metric com- 
patibility condition. The field equations for the spin-3 fields are 

^^ab ^ ^cd(a\ (^^^ ^ ^^\b) ^ ^ ^^\b)^^ ^ ^cd(a\ ^^^^ ^ + A O;/)'^) = 0, 

tiu;"' + {^c A + ^e, A e/) + A u;/)^ + ^e,^ A e/)''^ = . (B.3) 
Finally, the field equations for the spin-4 fields are 

duo-^- = le-m {l^e'-)f A ee + o;^^)^ A + ^ (^'L A + u:l A u;!^)^ + e^' A el'^)^'= + A e'-^)^)^ 

(B.4) 

From these explicit expressions, we can write down precisely the entire set of gauge trans- 
formations acting on the higher-spin fields.^'' 



^"in our derivations above, we have used various trace relations like tr (JaJtJc) = l/4ea()c, tr {JaJcTef) ~ 
riacTjfe + VafVec, tr (JaTefTij) — eaeiVfjj etc. For the general spin- A'', the trace relations for the various J" 
and yi^a - tis-i g^j-g determined by all possible contraction of indices of the generators in the product via 
the tensors rj and e. 
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